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We propose to detect quadrupole interactions of neutral ultra-cold atoms via their induced mean-
field shift. We consider a Mott insulator state of spin-polarized atoms in a two-dimensional optical
square lattice. The quadrupole moments of the atoms are aligned by an external magnetic field.
As the alignment angle is varied, the mean-field shift shows a characteristic angular dependence,
which constitutes the defining signature of the quadrupole interaction. For the 3P2 states of Yb
and Sr atoms, we find a frequency shift of the order of tens of Hertz, which can be realistically
detected in experiment with current technology. We compare our results to the mean-field shift of
a spin-polarized quasi-2D Fermi gas in continuum.
PACS numbers: 67.85.Lm, 67.85.-d, 71.10.Fd
I. INTRODUCTION
The field of ultracold atomic gases has progressed
rapidly over the last decades. This progress was driven
by the ability to continuously discover and control new
features of these systems [1, 2]. Optical lattices were used
to create reduced dimensions, as well as lattice systems
in the strongly interacting limit [3, 4]; mixtures of several
internal states of ultracold atoms were used to create ef-
fective pseudo-spin systems [5, 6]; the unitary regime of
ultracold fermions was explored via the control of bound
molecular states via Feshbach resonances [7–9], to name
just a few.
In the recent past, atoms and molecules with large elec-
tric and magnetic dipole moments were cooled into or
near quantum degeneracy [10–13]. In Ref. [14] the long-
range and anisotropic character of the dipole-dipole in-
teraction was demonstrated, which goes beyond the prop-
erties of contact potentials, as discussed in Refs. [15–17].
Theoretical predictions have been made in Refs. [18–21],
that include the formation of supersolids [22], quantum
liquid crystals [23, 24], and bond-order solids [25, 26] in
dipolar gases. Furthermore, many-body phases in 1D ge-
ometries have been reported in Refs. [27, 28].
Here we investigate quadrupole-quadrupole interac-
tions as a novel feature of ultracold atom systems. As
pointed out in Ref. [29], for alkaline-earth atoms such as
Yb and Sr in anyMJ state of the
3P2 manifold, prepared
in an optical lattice with a lattice constant of a few hun-
dreds of nanometers, these interactions are, while small,
of realistic magnitude to be relevant in current exper-
iments. The quantum phases of quadrupolar quantum
gases have been discussed in Refs. [29, 30]. Here, we
provide a detailed theoretical study exploring the feasi-
bility of detecting quadrupole-quadrupole interaction in
a realistic experiment.
In particular, we propose to detect the quadrupole-
quadrupole interaction between ultracold atoms via
(c)
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FIG. 1: (Color online) We consider spin-polarized fermions
interacting only via quadrupole-quadrupole interactions. The
quadrupoles are aligned by an external field B, that points in
the direction defined by the angles θF and φF as depicted in
(a). We propose to measure the mean-field shift of a Mott
state in a 2D optical lattice, shown in (b), as a function of
the angles θF and φF . For comparison, we also consider a
quasi-2D system of width λz of fermions in continuum, panel
(c), for which we determine the mean field shift as a function
of θF .
ultra-high precision spectroscopy of the induced mean-
field shift. We consider a Mott insulator state in a 2D
optical square lattice and under strong confinement in
the third direction. For comparison, we study a quasi-
2D Fermi gas of spin-polarized atoms in continuum. Both
systems are depicted in Fig. 1, as well as their key pa-
rameters. We assume the quadrupole axes of all atoms
to be aligned by a constant magnetic field B. The atoms
are prepared in a state with a particular projection, MJ ,
of the angular momentum, J , along the quantization
2axis. The quantization axis is given by the field B,
which points in the direction defined by the polar angles
(θF , φF ), shown in Fig. 1(a). In the case of the 2D system
in continuum, Fig. 1(c), the angle φF is irrelevant, due
to the cylindrical symmetry. As the main example we
consider Yb and Sr in a single MJ state of the
3P2 man-
ifold, where MJ gives the projection of the total angular
momentum J = 2 onto the quantization axis.
The angular dependence of the quadrupole-quadrupole
interaction potential is the characteristic feature of this
interaction. We therefore propose to measure the mean-
field frequency shift per particle as a function of θF and
φF . Below, we calculate this mean-field shift for both sys-
tems, and we find a characteristic angular dependence, as
shown in Figs. 3(a) and 4. We observe that the interac-
tion changes from repulsive to attractive and back within
the range of 0 ≤ θF ≤ pi/2. This characteristic angular
dependence constitutes the ’smoking gun’ feature to be
found experimentally. We note that the magnitude of
the shift of tens of Hertz for Yb(3P2) and similarly for
Sr(3P2) makes this experimentally conceivable with cur-
rent technology.
This energy shift has to be measured with respect to a
reference state. We propose to use the ground state, 1S0,
which has no quadrupole moment and for which the opti-
cal transition can be probed [38]. Since we want to verify
the quadrupole-quadrupole interaction, only present in
the 3P2 manifold, the initial state for this spectroscopic
measurement needs to be the 3P2 state. For this, we pro-
pose to first transfer the quantum degenerated atoms to
the meta-stable 3P2 state with a short clock-laser pulse.
Subsequently a high-resolution spectroscopy is performed
by coherently deexciting atoms to the ground state for
various angles θF of the magnetic field. The quadrupole-
quadrupole interaction can be demonstrated with this
characteristic angular dependence.
A second approach we propose is radio-frequency
(RF) spectroscopy between different MJ states of the
3P2 manifold, split by the Zeeman effect, which ex-
hibits different quadrupole moments proportional to q ∝(
J2 + J − 3M2J
)2
, see Ref. [29]. For J = 2, this gives
a ratio between the quadrupole moment q of the MJ ∈
{−2, 0, 2} states, and of the MJ = {−1, 1} states, q′, of
q/q′ = 4. Thus, the resulting mean-field energy shift is
slightly reduced, however this could be overcompensated
by the high resolution of RF spectroscopy.
In the Sec. II we introduce the quadrupole-quadrupole
interaction and the effective interaction a quasi-2D geom-
etry. The characteristics of the mean-field frequency shift
of a Mott insulator state in a 2D optical square lattice are
discussed in Sec. III, followed by the treatment of a spin-
polarized Fermi gas in continuum in Sec. IV. Finally, we
conclude in Sec. V.
II. GENERAL SETUP
We consider a system of atoms possessing an electric
quadrupole moment q aligned by an external magnetic
field B. The quadrupole-quadrupole interaction energy
between two atoms at positions R1 and R2, respectively,
is
U(R) =
1
4piε0
· 3q
2
16
· 3− 30 cos
2 θ + 35 cos4 θ
R5
(1)
where R ≡ R1−R2 is the displacement vector, R ≡ |R|,
and θ the angle between B and R, cf. Fig. 1(a). We
also introduce the notation U(R, θ(R)) ≡ U(R). The
interaction given in Eq. (1) can also be written in the
form U(R, θ) = 32q
2P4(cos θ)/
(
4piε0R
5
)
where P4(x) =(
3− 30x2 + 35x4) /8 is the fourth Legendre polynomial.
The magnitudes of the quadrupole moment q have
been reported to be q ∼ 30 a2Be for Yb(3P2) in Ref. [32]
and q ∼ 16 a2Be for Sr(3P2) in Refs. [33, 34], where aB is
the Bohr radius and e the elementary charge. We de-
fine the prefactor of Eq. (1) as Cq/~ ≡ 3q2/ (64piε0),
which has the dimension of frequency × length5. For
the states mentioned before, this gives Cq/~ ∼ 2pi×4.59 ·
1011Hznm5 and Cq/~ ∼ 2pi × 1.31 · 1011Hznm5, respec-
tively. Based on Eq. (1) we observe that the quadrupole-
quadrupole interaction is repulsive for relative angles
both θ ≈ 0 and θ ≈ pi/2, and attractive at intermedi-
ate values.
We define the xy-plane as the plane of the 2D sys-
tem. If an optical lattice is present, its lattice vectors
are aligned with the x- and y-directions of the coordi-
nate system, see Fig. 1(b). The alignment direction of
the quadrupoles is then given by the set of polar angles,
(θF , φF ). With R ≡ (x, y, z), the alignment angles and
the relative angle θ of Eq. (1) are related by
cos θ(R) =
(x cosφF + y sinφF ) sin θF + z cos θF
R
. (2)
We consider the Hamiltonian Hˆ = Hˆ0 + Vˆ , where
Hˆ0 =
∫
d3R


∣∣∣∇Ψˆ†(R)∣∣∣2
2m
+ Ψˆ†(R)VˆtrapΨˆ(R)

 (3)
is the Hamiltonian of a single particle in a trapping po-
tential Vtrap, where m is the atomic mass and Ψˆ(R) the
fermionic field operator. The interaction Vˆ is given by
Vˆ =
1
2
∫
d3R1d
3R2U(R)Ψˆ
†(R1)Ψˆ
†(R2)Ψˆ(R2)Ψˆ(R1)
(4)
with R ≡ R1 − R2. The trapping potential separates
into Vtrap(R) = Vol(r) + Vc(z) where r is the location
in the xy-plane defined as r ≡ (x, y). Vol(r) is an op-
tical lattice potential in the xy-plane, if present. In
3the z-direction we assume a harmonic confining poten-
tial Vc(z) = mω
2
zz
2/2 with a frequency ωz and an os-
cillator length λz =
√
~/ (mωz). If this confining po-
tential is created by an optical lattice in the z-direction,
Vc(z) = Vz sin
2 (piz/az) ≈ Vz (piz/az)2, with lattice con-
stant az and recoil energy E
z
rec = ~
2pi2/(2ma2z), the oscil-
lator length can be written as λz =
az
pi
4
√
Ezrec/Vz. We as-
sume strong confinement, and thus in the z-direction only
the ground state is occupied. We write Ψˆ(R) = ψˆ(r)χ(z)
where χ(z) is
χ(z) =
1
(piλ2z)
1/4
exp
(
− z
2
2λ2z
)
. (5)
This leads to an effective 2D potential U2D(r) by integra-
tion out the z-component:
U2D(r) =
∫∫
dz1dz2U(R) |χ(z1)|2 |χ(z2)|2
=
∫
dzU(R)
∫
dz1 |χ(z1)|2 |χ(z − z1)|2
=
1
(2piλ2z)
1/2
∫
dzU(R) exp
(
− z
2
2λ2z
)
, (6)
where U(R) is the quadrupole-quadrupole interaction
potential of Eq. (1). For r/λz ≫ 1 the 3D interaction de-
fined by Eq. (1) is reobtained while θ is given by Eq. (2)
with z = 0. However, λz acts as a cut-off, which in gen-
eral reduces the power-law behavior to ∼ (r/λz)−4 for
r/λz ≪ 1. For special values of φF or in continuum,
it is even further reduced to ∼ ln (r/λz), as shown in
Fig. 2. We show the full analytic result, which is de-
picted in Fig. 2, in the App. A. After integrating out the
z-direction, as we did in Eq. (6), the effective interaction
term Vˆ2D becomes
Vˆ2D =
1
2
∫
dr1dr2U2D(r)ψˆ
†(r1)ψˆ
†(r2)ψˆ(r2)ψˆ(r1) (7)
with r ≡ r1 − r2. We propose to measure the energy
shift per particle induced by the quadrupole-quadrupole
interactions, which is to first order
∆E =
〈Vˆ2D〉
N
=
1
2n
∫
d2rU2D(r)g(r) (8)
where n is the average density n = 〈ψˆ†(r)ψˆ(r)〉,
g(r) =
1
A
∫
d2r2〈ψˆ†(r+ r2)ψˆ†(r2)ψˆ(r2)ψˆ(r+ r2)〉 (9)
is the normal-ordered density-density correlation func-
tion, and A the system area. In this paper, we refer to
∆E as the mean-field shift. We consider a Mott insu-
lator in a 2D optical square lattice in Sec. III, and for
comparison a spin-polarized Fermi gas in continuum in
Sec. IV.
(a)
(b)
FIG. 2: (Color online) Effective 2D interaction U2D(r), com-
pared to the bare interaction U(r), for λz = 38.4 nm. The
spatial extent of the wave function in the z-direction provides
a cut-off for the effective interaction. The ratio of the in-
teractions is depicted by the solid lines, the corresponding
short-range limit by the dashed lines. (a) The alignment is
parallel to the z-axis, i.e. θF = 0 and φF is arbitrary. Here
the effective interaction is rescaled to a logarithmic behav-
ior. (b) For θF = pi/4 and φF = pi/4, the resulting effective
interaction behaves as ∼ 1/r4 at short distances.
III. MOTT STATE IN A 2D OPTICAL LATTICE
We consider a Mott insulator state of fermions, which
are all in the same internal state, in a deep 2D square
lattice in the xy-plane, interacting only via quadrupole-
quadrupole interactions, Eq. (1). We assume that the
confinement in the z-direction is strong enough, so that
it can be approximated by a harmonic potential in z-
direction. Within the single-band approximation, the
field operator can be written as
ψˆ(r) =
∑
i
w(r− ri)cˆi (10)
where w(r) is the Wannier function of the lowest band of
the lattice and cˆi the corresponding annihilation opera-
tor. ri are the locations of the lattice minima, and i is
the lattice site index. The correlation function of Eq. (9)
4for the Mott state is
g(r) = n
∑
i6=0
∫
d2r2
(
|w(r+ r2 − ri)|2 |w(r2)|2
− w∗(r+ r2 − ri)w∗(r2)w(r2 − ri)w(r+ r2)
)
(11)
where we used 〈cˆ†i cˆ†j cˆkcˆl〉 = (δilδjk − δikδjl) (1− δij).
Before we evaluate the correlation function of Eq. (11)
and ∆E for the actual Wannier functions of an optical
lattice, we give two simple approximations, which give
the correct order of magnitude and the general behav-
ior of ∆E. After that, we evaluate the mean-field shift
quantitatively for the correct Wannier states.
We first approximate the Wannier states with har-
monic oscillator ground states. Thus, we have a charac-
teristic width λz in z-direction, as mentioned above, and
a rotationally symmetric oscillator length λxy within the
xy-plane. This length is much smaller than the lattice
constant axy, i.e. λxy ≪ axy. The spatial wave function
in the xy-plane is
wHO(r) =
1√
piλ2xy
exp
(
− r
2
2λ2xy
)
. (12)
We calculate the correlation function g(r) to be
gHO(r) = n
∑
i6=0
1
2piλ2xy
e
−
(r−ri)
2
2λ2xy
(
1− e−
r·ri
λ2xy
)
. (13)
As a further approximation, we consider the limit of
λxy → 0. We continue to assume a finite extent of
the Wannier state in z-direction, i.e. λz > 0, but now
approximate the Wannier state to be point-like in the
xy-plane, i.e. wδr(r) =
√
δ(r). Then the correlation
function reduces to
gδr(r) = n
∑
i6=0
δ(r− ri) . (14)
Thus, the energy shift per particle is given by
∆Eδr =
1
2
∑
i6=0
U2D(ri) . (15)
In Fig. 3(a) we show the mean-field frequency shift
2pi∆ν ≡ ∆E/~ as a function of θF and φF , for these
two approximations, for Yb(3P2). As an example, we
consider λxy = λz = 34.8 nm. This can be achieved with
a lattice constant of az = axy = 266 nm [35–37] and an
optical lattice depth Vz = Vxy = 35Vrec. We indeed see a
characteristic dependence on the angles θF and φF , and
a magnitude of ∼ 101 Hz. In Fig. 3(b) we show the ratio
of these two approximations which is around ∼ 100.
We now give the full quantitative result, based on
the actual Wannier states of a 2D optical square lat-
tice. These are obtained by representing the Hamilto-
nian (3) in momentum space, which is then truncated
1
2
3
1
2
3
(a)
(b)
(c)
FIG. 3: (Color online) (a) Mean-field shift for spin-polarized
Yb(3P2) atoms in a Mott insulator state, as a function of θF
and φF , for the harmonic and point-like approximation of the
Wannier states. The solid line corresponds to the case of λz =
λxy = 34.8 nm, the dashed lines to λz = 34.8 nm and λxy →
0. (b) Ratio of the harmonic approximation of the Wannier
states to point-like orbitals in the xy-plane, as a function of
the lattice depth Vxy/E
xy
rec. The location of Vxy = 35E
xy
rec,
corresponding to λxy = 34.8 nm is marked. (c) Difference
in the mean-field frequency shift between the exact Wannier
states and the harmonic approximation as a function of θF
and φF .
5at a high momentum and diagonalized. Out to these
eigenstates the Wannier states are constructed by super-
position. These Wannier states have the correct over-
lap of the spatial wave functions of two atoms on dif-
ferent lattice sites which is the main shortcoming of the
harmonic approximation above. Even for the deep lat-
tices considered here, the contribution to the mean-field
shift are visible due to the strong interaction at short
distances. Note that there is no need for an artificial
short-range cut-off in integral (8) because the power-law
behavior for r/λz → 0 is already reduced for the effective
2D potential (6). In addition, the Pauli principle, which
is included in Eq. (11), leads to further cancellations.
In Fig. 3(c) we show the discrepancy between the ex-
act solution, 2pi∆νW, and the harmonic approximation,
2pi∆νHO, with the parameters mentioned above which is
of the order of 10−1Hz. The effect will be even reduced
further for stronger confinement in the x- and y-direction,
leading to an increased localization of the atoms on their
sites and a reduction of the overlap between neighboring
sites.
IV. SPIN-POLARIZED FERMI GAS IN A
QUASI-2D GEOMETRY
In this section, we consider a quasi-2D gas of fermions
being all in a single internal state, interacting only via
quadrupole-quadrupole interactions. The lattice poten-
tial is set to zero, Vol(r) = 0. In Ref. [38], a large inelastic
collision rate and rapid loss of atoms in a dense gas of
metastable Yb(3P2) atoms was reported. However, we
expect a reduction of the loss rate for the fermionic gas
considered here, due to the absence of s-wave scattering.
The gas is strongly confined in the z-direction by a
harmonic potential, an the atoms are constrained to the
ground state given in Eq. (5). The field operator is
ψˆ(r) =
1√
A
∑
k
eik·rψˆk , (16)
where A is the area of the system. We sum over all
wave vectors k, and ψˆk is the corresponding field operator
for the mode k. The correlation function of the non-
interacting gas is
gcon(r) = n
2
(
1− 1
N
∑
k
eikr cos ηnk
)
= n2
(
1− 1
n
∫ ∞
0
dk
2pi
kJ0(kr)nk
)
, (17)
where cos η = k · r/ (kr). nk ≡ 〈ψˆ†kψˆk〉 is Fermi dis-
tributed according to
nk =
(
Z−1e
Ek
kBT + 1
)−1
(18)
where kB is the Boltzmann constant, Z is the fugacity,
which for a 2D Fermi gas is Z = eµ/kBT = eTF/T −1, and
FIG. 4: (Color online) Characteristic behavior of the mean-
field frequency shift 2pi∆ν changing sign twice. θF describes
the angle of the external relative to the plane. The parameters
for this example are given in Sec. IV.
µ is the chemical potential. TF = ~
2k2F / (2mkB) is the
Fermi temperature and kF =
√
4pin is the Fermi vector.
Note that the pair correlation function only depends on
the radial component r and not on the orientation α =
arg (r) anymore. Thus, we integrate out this degree of
freedom in Eq. (6) which gives
Uα2D(r) =
√
2pi
384λ5z
e
r2
4λ2z (20 cos (2θF ) + 35 cos (4θF ) + 9)
×
[(
6 + 6
r2
λ2z
+
r4
λ4z
)
K0
(
r2
4λ2z
)
− r
2
λ2z
(
4 +
r2
λ2z
)
K1
(
r2
λ2z
)]
. (19)
gcon(r) is independent of the orientation of the B-field.
Therefore, the angular dependence of the mean-field en-
ergy shift
∆E =
1
2n
∫
drrUα2D(r)gcon(r) (20)
can be read off Eq. (19) directly. All other parameters,
such as density and quadrupole moment only influence
the magnitude of this dependence, cf. Fig. 4.
For the following numerical examples, we again choose
the depth of the trapping potential to be Vz = 35V
z
rec
which gives λz = 0.13 az, and az = 266 nm. The
quadrupole moment is assumed to be q ∼ 30 a2Be as for
Yb(3P2) [32]. For the 2D density of the gas we choose
n = 14.1µm−2 which corresponds to a mean 2D inter-
particle distance of d = 1/
√
n = 266 nm which is equal
to the lattice constant above.
In Fig. 5 we show several dependencies of the mean-
field shift. In Fig. 5(a) the dependence on on the
quadrupole moment q is shown, in Fig. 5(b) the depen-
dence on the trapping energy Vz . In Fig. 5(c) we show
the dependence of the mean-field energy on the particle
density n.
6(a)
(b)
(c)
FIG. 5: (Color online) Frequency shift 2pi∆ν for θF = 0 de-
pending on experimental parameters (a) quadrupole moment,
(b) confinement in z-direction, and (c) particle density. The
parameters for this example are Vz = 35E
z
rec, n = 14.1µm
−2,
T = 0 and q = 30 a2Be for Yb(
3P2), or marked in the corre-
sponding plots, respectively. Additionally, q = 16 a2Be corre-
sponding to Sr(3P2) is specified in (a).
Finally, the mean-field frequency shift is influenced by
the temperature T . The correlation function gcon(r),
shown in Fig. 6, can be determined analytically for two
limiting cases. For zero temperature we find
gT=0con (r) = n
2
(
1− 2J1(kF r)
kF r
)
. (21)
For temperatures much larger than the Fermi tempera-
FIG. 6: (Color online) Density-density correlation function
gcon(r) for different temperatures T/TF = 0.1, 1, 10 and n =
14.1µm−2 (solid lines). Analytic results for T = 0 (dotted
line) and high temperature limit for T/TF = 10 (dashed line).
FIG. 7: (Color online) Mean-field shift of spin-polarized
Yb(3P2) atoms as a function of temperature T/TF, for a quasi
2D Fermi gas. The solid line corresponds to the exact result
while the dashed line to the high temperature approxima-
tion T/TF ≫ 1. The analytic limiting cases for T = 0 and
T/TF → ∞ are marked. We use Vz = 35Ezrec, n = 14.1µm
and q = 30 a2Be in this example.
ture, i.e. T/TF ≫ 1, we find
gT/TF≫1con (r) = n
2
(
1− e− 14 TTF k2F r2
)
. (22)
In the limit T/TF → ∞, the density-density correla-
tions function approaches g
T/TF→∞
con (r) = n2, for all
r 6= 0. Thus, the mean-field frequency shift approaches
2pi∆ν = ∆E/~ = n2~
∫∞
0 drrU
α
2D(r) which gives an upper
limit. In Fig. 7, we show the mean-field frequency shift
for different temperatures.
V. CONCLUSION
In conclusion, we have given a concrete proposal
to detect a novel feature of ultra-cold atom systems,
7quadrupolar interactions. We have proposed to detect
these via the mean-field shift they induce, and by its char-
acteristic angular dependence. We have demonstrated
that the mean-field shift is of realistic magnitude, on the
order of tens of Hertz, which can be detected with cur-
rent technology. For a Mott insulator state in a deep
2D optical lattice we have found a highly tunable sys-
tem, in which the mean-field frequency shift can be ma-
nipulated with an external magnetic field which controls
the the alignment of the quadrupoles. We also consid-
ered a spin-polarized Fermi gas in continuum, for which
we found a characteristic dependence on the alignment
angle θF , which is universal for any experimental real-
ization. Furthermore, we discussed that the scale of the
frequency shift is affected by several experimental param-
eters such as the quadrupole moment, the confinement
in z-direction, the particle density and temperature. We
also expect a mean-field frequency shift in a comparable
system of molecules to be of the same order of magnitude.
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8Appendix A: An analytic solution for the effective 2D potential
Here, we show the analytic result for Eq. (6). U(R), given by Eq. (1), depends on z via R =
√
r2 + z2 and cos(θ(R))
is given by Eq. (2). We find
U2D(r) =
1
384
√
2piλ5z
λ2z
r2
e
r2
4λ2z
×
{
r2
λ2z
K0
(
r2
4λ2z
)[
−16
(
r4
λ4z
+ 4
r2
λ2z
)
sin2 (θF ) (7 cos (2θF ) + 5) cos (2 (α− φF ))
+8
(
r4
λ4z
− 2 r
2
λ2z
+ 6
)
sin4 (θF ) cos (4 (α− φF )) +
(
r4
λ4z
+ 6
r2
λ2z
+ 6
)
(20 cos (2θF ) + 35 cos (4θF ) + 9)
]
+K1
(
r2
4λ2z
)[
16
(
r6
λ6z
+ 2
r4
λ4z
− 2 r
2
λ2z
)
sin2 (θF ) (7 cos (2θF ) + 5) cos (2 (α− φF ))
−8
(
r6
λ6z
− 4 r
4
λ4z
+ 16
r2
λ2z
− 48
)
sin4 (θF ) cos (4 (α− φF )) +
(
r6
λ6z
+ 4
r4
λ4z
)
(20 cos (2θF ) + 35 cos (4θF ) + 9)
]}
,
(A1)
where r = |r|, α = arg (r), and Kν(x) are the modified Bessel functions of the second kind. In both systems that
we consider, the square lattice and the continuum, we find a 4-fold rotational symmetry, which implies that all terms
proportional to cos (2 (α− φF )) vanish later on in the calculation. For the limit r/λz → 0 we find
U2D(r)|θF 6=0
r/λz→0
=
1√
2piλ5z
(
r
λz
)−4
+O
(
r
λz
)−3
, (A2)
for θF 6= 0, and
U2D(r)|θF=0
r/λz→0
= − 2√
2piλ5z
ln
(
r
λz
)
+O(1) (A3)
for θF = 0 and in continuum, respectively.
Appendix B: Influence of the trapping depths in the point particle limit
In Sec. III we introduced the harmonic oscillator lengths λz and λxy, see Eqs. (5) and (12), respectively. In an
experiment these are controlled by the depth of the trapping potential, Vν/E
ν
rec, and the lattice constant, aν , as
λν = aν
4
√
Eνrec/Vν/pi where ν = {z, xy}.
The lattice constant is given by half of the trapping laser wave length which we assume to be the same for all
directions λLaser/2 = az = axy = 266 nm. Note that also E
z
rec = E
xy
rec since E
ν
rec = ~
2pi2/
(
2ma2ν
)
. In Fig. 8 we show
the mean-field shift as a function of Vz/E
z
rec and Vxy/E
xy
rec. The mean-field shift becomes smaller if the trapping in
z-direction is weaker and larger if it is stronger. In fact, for an infinitely deep trap, Vz → ∞, the mean-field shift
diverges , except for the limit Vxy →∞ while keeping Vz/Vxy ≤ 1. This limit is correctly fulfilled by Ψ(R) =
√
δ(R)
and leads to the simple expression ∆E =
∑
i6=0 U(Ri)/2, where Ri = (ri, 0). Interestingly, the mean-field shift is
almost constant if Vz = Vxy making the unsophisticated ansatz of a three-dimensional dot-like spatial wave function
surprisingly effective.
9FIG. 8: (Color online) Mean-field shift of spin-polarized Yb(3P2) atoms in a 2D Mott state as a function of the lattice depths
Vxy/Erec and Vz/Erec in z− and xy-direction for equal lattice constants az = axy = 266 nm. The red line corresponds to
Vz = Vxy, along which the mean-field shift is almost constant.
